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Abstract – We study the effect of a nearby planar wall on the propulsion of a phoretic Janus
micro-swimmer driven by asymmetric reactions on its surface which absorb reactants and generate
products. We show that the behaviour of these swimmers near a wall can be classified based on
whether the swimmers are mainly absorbing or producing reaction solutes and whether their
swimming directions are such that the inert or active face is at the front. We find that the wall-
induced solute gradients always promote swimmer propulsion along the wall while the effect of
hydrodynamics leads to re-orientation of the swimming direction away from the wall.
Introduction. – Active materials are condensed mat-
ter systems self-driven out of equilibrium by components
that convert stored energy into movement. They have gen-
erated much interest in recent years, both as inspiration
for a new generation of smart materials and as a frame-
work to understand aspects of cell motility [1–4]. Active
materials exhibit interesting non-equilibrium phenomena,
such as swarming, pattern formation and dynamic clus-
ter formation [5, 6]. Many of the components of active
matter have come from biological systems, e.g. mixtures
of cytoskeletonal polymers and motors or suspensions of
swimming micro-organisms but there has been an increas-
ing interest on synthetic active components which provide
promise of a variety of applications from chemical indus-
try to biomedical sciences [7]. A paradigmatic compo-
nent of this type is a synthetic micro-swimmer. However,
designing synthetic micro-scale swimmers with compara-
ble functionality and robustness to their natural coun-
terparts remains a challenge [8–10]. A good candidate
for such synthetic micro-swimmers are self-phoretic Janus
swimmers, colloidal particles with asymmetric catalytic
physico-chemical properties over their surface [11,12]. Due
to the asymmetric distribution of catalyst on their surface,
they generate or absorb chemical solutes in an asymmetric
manner leading to an asymmetric distribution of solutes
in the vicinity of the colloid. The coupled asymmetric
distribution of the chemical solutes with the short-range
solute-to-colloid surface interaction leads to the swimmer
propulsion [13]. Of particular importance is the behaviour
of semi-dilute or concentrated suspensions of such parti-
cles which requires an understanding and ability to predict
their swimming behaviour in confinement.
The first step towards understanding the behaviour of
swimmers in confinement is provided by the study of their
motion near planar walls. There have been a number of
recent experiments addressing this issue. A single Janus
swimmer confined to a micro channel has shown a rich
dynamics with the swimmer sliding along the wall while
weakly rotating away from the wall. This reorientation
continues until subsequent reflection from the wall [14].
Light activated phoretic colloidal swimmers have been
shown to swim only when close to a boundary surface
[6]. These suggests wall effects are a combination of wall
induced distortion both of fluid flow and of the solute
gradients generated by the swimmer.
Recent theoretical work on swimmers near walls how-
ever has tended to focus on the effect of hydrodynamic
mechanisms, i.e. on the behaviour of the fluid flow gen-
erated by swimmers near boundaries [14–20] making the
assumption that they are the dominant contributor to the
motion. This is obviously the case for swimmers driven
by mechanical surface distortions [15, 20]. However, it
is not clear that this is also true for chemically driven
swimmers for which numerical studies have shown a rich
behaviour that is difficult to understand within this frame-
work [21, 22]. Here, we theoretically examine the validity
of this assumption for self-phoretic swimmers near walls
and seek to understand better the role of the solute gradi-
ent distortion on the dynamic behaviour of a Janus swim-
mer near an infinite planar wall. We find in contrast how-
p-1
Y. Ibrahim and T. B. Liverpool
ever that the distortion of the local gradient of solute con-
centration by the wall can be the dominant effect on the
translational dynamics while distortion of the fluid flow
is the dominant contribution to the changes in orienta-
tional dynamics. This also allows us to rationalise the
numerical results [21,22].
While hydrodynamics enhances the drag experienced by
the swimmer, the wall-induced-diffusiophoresis enhances
propulsion along the wall - in addition to perpendicu-
lar attraction (repulsion) for swimmers moving with their
active-face-forward (inert-face-forward). The sign of the
product of the swimmer mobility coefficient (determined
by how solutes interact with the swimmer surface) and its
net production rate (± for source/sink) determines if it
has its inert or active face forward.
The model. – We consider self-phoretic Janus swim-
mers in the limit of vanishing Pe´clet (Pe) and Reynolds
(Re) numbers. Our goal is to obtain the swimmer propul-
sion speed U as a function of the system parameters, such
as D, the solute diffusion coefficent, R, the swimmer ra-
dius and h, its distance from the wall (see Fig. 1). A
brief consideration of typical scales is useful at this point.
Janus swimmers [9,30] with sizes R = 1− 2µm and speed
U = 1 − 10µm/s in a solution will have a Pe´clet num-
ber in the range of Pe = UR/D ∼ 10−3 − 10−2, where
D ∼ 10−9m2s−1 is the solute diffusion coefficient. This
implies to leading order, advection of solute particles by
the flow generated by the swimmer is negligible compared
to their diffusion [23]. A useful interpretation of the Pecle´t
number is provided by the comparison of two timescales
Pe = τD/τP ; the diffusive time-scale (τD ∼ R2/D) of
the fuel solutes and the swimmer propulsive time-scale
(τP ∼ R/U). Inertia also plays a negligible role (as
Re = UR/ν ∼ 10−6  1 for typical solution kinematic
viscosity ν ∼ 10−6m2/s). Hence the solute concentration
profile is in steady state with the bulk and satisfies the
Laplace equation
∇2C(r) = 0, (1)
where r = r∗ − r0 ≡ (x, y, z) with r0, the position of the
swimmer centre. The catalytic chemical reaction happen-
ing on the surface of the swimmer generates a radial flux
α(nˆ) , which gives the boundary condition (BC)
− Dnˆ · ∇C(r)|r=R = α(nˆ) (2)
This flux condition will be be interpreted as the effective
flux of the solutes at the outer edge of an “interaction
layer”. In the following, we will study the swimmer dy-
namics in the limit of constant fuel consumption (satura-
tion): α(nˆ) = αK(nˆ), where the bulk fluid serves as fuel
bath. K(nˆ) is 1 on the active hemisphere and 0 on the
inert hemisphere [11, 24]. Furthermore, we consider the
wall to be inert and impermeable to the solutes
− Dxˆ · ∇C(r)|x=−h = 0 (3)
Far away from the wall and the swimmer surface,
the concentration of the solute takes the bulk value
Fig. 1: (colour online) Schematic swimmer-wall problem. Black
dots represents the solute molecules. The swimmer rotates
with an angular velocity Ω and translates with velocity U at
a pitch angle Θ to the wall.
C → C∞, {x→ +∞, y, z → ±∞}.
In the zero Re limit, the fluid flows v induced by the
swimmer satisfy the Stokes eqn. (incompressible fluid)
η∇2v(r)−∇p(r) = 0, ∇ · v(r) = 0 (4)
in the half-plane (shown in fig. (1)) and η is the solvent
dynamic viscosity and p, hydrostatic pressure. The flow
field satisfies the slip condition
v(r)|r=R = U + Ω× r + vs (5)
on the swimmer surface, where U,Ω are the linear and
angular velocities respectively - which are unknowns and
the goals of this analysis. Phoretic slip vs arises due
to the viscous stresses balancing osmotic pressure gra-
dient in the ’thin interaction region’ [13]. The latter is
generated by the coupled asymmetric distribution of the
solutes C(r) and their short-ranged (solute size ∼ A˚)
interaction Ψ(r) with the swimmer surface. The ex-
pression vs = µ (1− nˆnˆ) · ∇C is obtained by matching
an “inner” (interaction layer) to the bulk fields, where
µ = β
−1
η
∫∞
0
ρ
(
1− e−βΨ(ρ)) dρ is a mobility coefficient [13]
and β−1 = kBT . We also have the no-slip BC on the wall,
v(r)|x=−h = 0 and vanishing hydrodynamic flow in the
bulk, v → 0, {x→ +∞, y, z → ±∞}. The swimmer have
zero net body-force and torque.{
Π · nˆ dS = 0,
{
r × (Π · nˆ) dS = 0 (6)
where Π = −p1 + η (∇v + (∇v)T ) is the hydrodynamic
stress tensor and 1 is the unit tensor.
Analysis. – For the swimmer problem near the wall,
we employ the so-called method of images (reflections)
[25]. This involves first, finding the swimmer propulsion
velocity in the bulk, far enough away from any boundaries.
Subsequently, we use the bulk solution to find corrections
to the pertinent fields; and hence finding the translational
and angular velocities corrections due to the wall.
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Swimming in the bulk (no wall). In the absence of
the wall (h → ∞), the concentration field BCs becomes
C → C∞, r →∞, in addition to the swimmer surface flux
BC (2). The solute concentration field follows from (1) for
axisymmetric coating of the catalyst with symmetry axis
uˆ 1
C(0) = C∞ +
R
D
∞∑
k=0
1
k + 1
α(k)Pk(uˆ · rˆ)
(
R
r
)k+1
(7)
where Pk(uˆ · rˆ) are the normalised Legendre polynomi-
als such that P0 = 1, P1 = uˆ · rˆ, P2 = uˆuˆ :
(3rˆrˆ − 1) /2 , and α(k) are the surface moments of the
catalytic solute flux α(nˆ) (see equation 2): α(k) =(
k + 12
) ∫ 1
−1 d (uˆ · rˆ)α (rˆ)Pk (uˆ · rˆ) . Now, substituting
the solute concentration field C(0) into the slip velocity
vs = µ (1− nˆnˆ) · ∇C(0) gives
vs =
µα(1)
3D
uˆ +
µα(1)
6D
(1− 3nˆnˆ) · uˆ +O
(
α(2)
)
(8)
To simplify our presentation, we consider a self-phoretic
swimmer with linear catalytic coating α(nˆ) = α(0)+α(1)nˆ·
uˆ. (setting α(k) = 0 for k ≥ 2; including e.g. α(2) does
not qualitatively change the types of behaviour observed).
Therefore, the unbounded domain solute concentration
from eqn. (7) gives (see Fig. 2)
C(0)(r) = C∞ +
α(0)R
D
(
R
r
)
︸ ︷︷ ︸
⊕
+
α(1)R
2D
(
R
r
)2
uˆ · rˆ︸ ︷︷ ︸
	⊕
(9)
The fluid flow field vanishes in the bulk, v → 0, r → ∞
and from equations (4,8), the flow field results [13] :
v(0)(r) = 12
(
R
r
)3 (
3rrr2 − 1
) · U0 with zero hydrostatic
pressure gradient p = p∞, where the propulsion U0 and
the angular velocities Ω0 are obtained using the force and
torque balance constraints (6) as
U0 = −µα
(1)
3D
uˆ, Ω0 = 0 . (10)
We have restricted ourselves to a uniform mobility µ over
the swimmer surface, leading to zero rotation : Ω0 = 0.
We note that α(1) and the symmetry direction uˆ are not
independent: choosing uˆ fixes the sign of α(1).
Swimming near a wall. We now consider a swimmer
whose centre is a distance h from an infinite plane wall
(see Fig. 1). We proceed by finding corrections to the
bulk velocities
(
U
Ω
)
=
(
U0 + U1 + . . .
Ω0 + Ω1 + . . .
)
. This is
achieved by adding singular flow and concentration fields
(v(1)(r), C(1)(r)) centred behind the wall (at the image
point) to impose the the no-slip and the impermeability
1The advantage of writing the solution in this form is that calcu-
lation of the image system singularities for a swimmer with a pitch
angle Θ relative to the wall becomes straight forward - rotating the
symmetry axis uˆ→R(Θ)uˆ (where R (Θ) is the rotation matrix).
Fig. 2: Solute density profile C(r) for source-swimmer α(0) =
−α(1) = α > 0. We choose the background concentration
C∞D
αR
= 1 (eqn. (9)) without loss of generality.
conditions on the wall. Furthermore since adding them
means the flow no longer satisfies the BCs on the swimmer
surface, we add further singular fields (v(2)(r), C(2)(r)),
this time centred at the swimmer centre to maintain the
correct slip and constant flux BCs. This process can be
iterated yielding to a power series solution in  = R/h.
Here we keep only the leading order terms :
v(r) = v(0) + v(1) + v(2) +O
(
[R/h]
6
)
(11)
C(r) = C(0) + C(1) + C(2) +O
(
[R/h]
3
)
(12)
The wall reflected concentration field is
C(1) =
α(0)R
D
(
R
r′
)
︸ ︷︷ ︸
⊕
+
α(1)R
2D
(
R
r′
)2
rˆ′ ·
(
uˆ‖ − uˆ⊥
)
︸ ︷︷ ︸
	⊕
(13)
where r′ = r + 2hxˆ, uˆ‖ = cos Θyˆ and uˆ⊥ = − sin Θxˆ,
while the image singularities v(1) for bulk flow v(0) are well
known (see Appendix A, [18,26]). Furthermore, the swim-
mer surface reflected solute concentration field is given by
C(2) =
α(0)R
32D
(
R
r
)2 [
−42xˆ + α
(1)3
α(0)
(
uˆ‖ + 2uˆ⊥
)]
· rˆ︸ ︷︷ ︸
	⊕
(14)
and since we are only interested in the leading order rigid
body corrections (U1,Ω1) [27], we can bypass finding an
explicit expression for v(2) using the reciprocal theorem
[25].
Wall-induced-diffusiophoresis. The wall distortion on
the solute concentration field (see fig. 5) is approximated
by images made of a monopole and dipoles (see fig. 4(c)
and eqns. 13,14). These reflected fields do not induce
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Fig. 3: Swimming direction for different combinations of the
mobility µ (containing the solute-to-surface interaction infor-
mation) and swimmer type α(0).
Fig. 4: (colour online) Flow velocity and solute concentration
fields for swimmer moving near a wall. The image system of the
flow is represented diagramatically in terms of (source-doublet
⊗ + source-quadrupole  ⊗ ⊗ + force-quadrupole →↔)
(see eqn. A1 in the Appendix for definitions) [16,23] while
that of the concentration is given in terms of (solute-monopole
⊕ + solute-dipole 	⊕) (see eqns. 13 and 14 for definitions).
rotation Ωd1 = 0, but enhance the gradients giving the
linear translation wall-induced-diffusiophoresis
Ud1 =
µα(0)
4D
2xˆ +
3
16
(
U
‖
0 + 2U
⊥
0
)
3 +O (4) (15)
We note that the leading order term (∼ 2) is present
irrespective of the swimmer orientation. Its strength
is determined by the net consumption/production rate:
α(0). This may be contrasted with an orientation depen-
dent leading order force-dipole contribution in squirmer
models [18, 20]. In effect, Ud1 repels (attracts) inert-
face-forward (active-face-forward) swimmers to (from) the
wall, while enhancing their parallel propulsion along the
wall.
Fig. 5: Solute density profile for a source-swimmer α(0) > 0
near a wall from eqn. (12).
Fig. 6: (color online) Typical swimmer trajectory for initial
condition (h(0), y(0),Θ(0)) = (10R, 0, 0.1) and A = ±1. Tra-
jectories of an active-face-forward swimmer (A = −1) with
initial orientations facing the wall are attracted to the wall.
Hydrodynamic contribution. The no-slip condition on
the wall introduces the reflected image field v(1) (A1) (see
also ref. [18, 26]). This contribution enhances the drag
experienced by the swimmer [18,28]
Uh1 = −
3
8
(
U
‖
0 + 4U
⊥
0
)
+O (6) (16)
In addition, the wall induces rotation with the swimmer
re-orienting weakly with angular velocity [18,28]
Ωh1 =
3
16R
4 U
‖
0 × xˆ +O
(
7
)
(17)
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Equations (15), (16) and (17) imply that if orientation
fluctuations are ignored, the swimmer trajectory is con-
fined to the x− y plane.
Dynamical system. The results described above can
be summarised by a dynamical system for the position of
the swimmer centre, r0(t) ≡ (h(t), y0(t), z0(t)) in the labo-
ratory frame, placing the origin on the wall. The swimmer
will trace a trajectory with O (4) uncertatinty (see eqns.
(15), (16)) following the kinematic equations
dr0
dt
(t) = U(t);
duˆ
dt
(t) = Ω× uˆ(t) (18)
where U = U0 + U
d
1 + U
h
1 and Ω = Ω
h
1 . This im-
plies an error of ∼ 6% for a separation from the wall
equal to one swimmer diameter (h = 2R) (fig. 6). Non-
dimensionalising using, H(t) = h(t)R , Y (t) =
y0(t)
R , Z(t) =
z0(t)
R , τ =
tU0
R , we obtain rescaled kinematics (H˙ =
dH
dτ , Y˙ =
dZ
dτ , H˙ =
dZ
dτ ) for position :H˙Y˙
Z˙
 =
− sin Θcos Θ
0
+ A
H2
10
0
+ 1
16H3
2 sin Θcos Θ
0
 (19)
and orientation (Θ˙ = dΘdτ )
Θ˙ = − 3
16H4
cos Θ (20)
with a dimensionless parameter A = (µα(0)/4D)/U0,
where U0 = |µα(1)/3D| is the bulk speed.
We can therefore classify the behaviour of this dynam-
ical system by the sign of A. We note that active-face-
forward swimmers have (A < 0) while inert-face-forward
swimmers have (A > 0) (see fig. (3)). Inert-face-forward
swimmers are always repelled while active-face-forward
ones are always attracted to the wall irrespective of their
orientation. We emphasise however, the eventually both
escape from the vicinity of the wall with swimming direc-
tions oriented away from the wall.
The swimmer dynamical system (19) has two steady
modes of motion (one linearly stable and one linearly un-
stable). The unstable stationary state, (H˙, Y˙ , Z˙, Θ˙) = 0,
which corresponds to a swimmer at a wall separation
{H∗ : 8H3∗ − 8|A|H∗ = 1, H∗ > 1} facing directly away
from (or towards) the wall Θ∗ =
{
3pi/2, for A < 0
pi/2, for A > 0
}
. The
second (stable) mode of steady motion is the limiting case
of the swimmer far away from the wall H →∞ with swim-
ming orientation away from the wall Θ ∈ (pi, 2pi) so that
eventually the swimmer recovers its bulk propulsion be-
haviour. It is tempting here to identify the stationary fixed
point for the inert-face-forward swimmer with the ’hover-
ing’ state in [22] and the large ratio of the parallel-to-
perpendicular modes eigenvalues with the enhanced speed
along the wall observed in [21].
Numerically integrating the non-linear system (19) gives
the swimmer trajectories near the wall (see fig. (6) for a
typical trajectory). We identify a turning point at HT at
which a swimmer changes direction from pointing towards
to pointing away from the wall. We note however, that for
swimmer parameter values of |A| > 1/4, the wall separa-
tion for the active-face-forward HT < 1; which implies the
swimmer will eventually crash into the wall (see fig. (6)
for a sample trajectory), noting of course however that the
current analysis here is no longer valid when the swimmer
gets too close to the wall where different physics governed
by fluid incompressibility will dominate.
Conclusion and discussion. – In summary, we have
studied the dynamics of a self-diffusiophoretic spherical
Janus swimmer moving near a planar wall. In our analysis,
we have been able to separate the contribution of differ-
ent mechanisms to the propulsion allowing us to identify
the differences between these swimmers driven by chemi-
cal (phoretic) processes to traditionally studied swimmers
driven by mechanical deformations. We have obtained
leading order contributions to the wall-induced distortion
of the solute concentration gradient and shown that the
wall impermeability to the solutes introduces a new con-
tribution to swimmer propulsion which we have called wall
induced-diffusiophoresis. We emphasise that this is quite
different from the effect of walls on hydrodynamic inter-
actions [18, 20] as studied e.g. using the squirmer model.
Further, we find a natural way to categorise Janus swim-
mers into two classes: (1) inert-face-forward swimmers
which have an enhanced parallel propulsion along the wall
before being scattered away due to a combination of hydro-
dynamic repulsion and wall-induced-diffusiophoresis and
(2) active-face-forward swimmers which are strongly at-
tracted to the wall.
The wall-induced-diffusiophoresis leads to migration ei-
ther towards or away from the walls depending on whether
the swimmer is a global source or sink. Interestingly we
note that wall-induced-diffusiophoresis is present even for
symmetrically coated active colloids. This robust effect
may play a role in the attraction of phoretic swimmers to
surfaces [6].
Recently it has been observed that Platinum-
Polystyrene Janus particles are propelled by electrochem-
ical as well as concentration gradients [29, 30]. Simi-
lar types of behaviour would be observed such a self-
electrophoretic swimmer, because the leading order elec-
tric potential for these swimmers is a dipole and hence can
also be dominated by the leading order interaction due to
solute concentration presented here.
The following key assumptions were made in our anal-
ysis: the swimmer separation from the wall is large com-
pared to the swimmer size such that higher order reflected
fields from the wall and swimmer-surface be neglected [18].
In addition, we assume the concentration profile is at
quasi-steady state, the catalytic flux on the swimmer sur-
face is constant and we have also ignored orientational
fluctuations of the swimmers. It would thus be interesting
in the future to examine the dynamics for swimmers very
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close to the wall using e.g. a lubrication analysis [32] and
the role of fluctuations.
∗ ∗ ∗
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Appendix A: Flow image system. – The image
system for the source-doublet v(0) [18, 26] is
v(1) =
⊗︷ ︸︸ ︷
D(r′) ·
(
U
‖
0 − 3U⊥0
)
− 2h
⊗⊗︷ ︸︸ ︷
∂x0D(r
′) ·
(
U
‖
0 −U⊥0
)
+R2U
‖
0 · ∇∂x0G(r′) · xˆ︸ ︷︷ ︸
→↔
−R2∂2x0G(r′)︸ ︷︷ ︸
→↔
·U⊥0 (A1)
where r′ = r + 2hxˆ and r = r∗ − r0; ∂x0 ≡ xˆ · ∇0 and
∂2x0y0 ≡ (xˆ · ∇0) (yˆ · ∇0); U‖ = U · yˆ and U⊥ = U · xˆ.
G(r′) =
(
R
r′
)
(1+ rˆ′rˆ′) ; D(r′) =
1
2
(
R
r′
)3
(3rˆ′rˆ′ − 1)
are the stokeslet and source-doublet tensors.
Appendix B: Faxe´ns Theorems. – Due to swim-
mer’s the finite size, the reflected flow and concentration
fields, v(1) and C(1) do not satisfy the BC on the swim-
mer surface. Hence, to impose the BC, we add v(2) and
C(2) at the swimmer centre for the flow and concentration
fields respectively such that nˆ · ∇C(2) = −nˆ · ∇C(1) and
v(2) = −v(1)+U1+Ω1×r+µ∇s
[
C(1) + C(2)
]
are satisfied
on the swimmer surface and ∇s = (1−nˆnˆ)·∇. Therefore,
applying the reciprocal theorem [25]
v
v′·
(
Π(2) · nˆ
)
dS =v
v(2) · (Π′ · nˆ) dS with Π = −p1 + η
(
∇v + [∇v]T
)
and v′ been an arbitrary external stokes flow which sat-
isfies v′ = U′ on a sphere of radius R and v′ → 0 for
r → ∞. Its well known that a translating sphere has
a constant surface traction Π′ · nˆ = − 3η2RU′ and hence
U′ ·v (Π(2) · nˆ) dS = − 3η2RU′ ·v v(2)(r) dS The swim-
mer is force free, which implies
v
v(2)(r) dS = 0. Hence,
Taylor expanding the v(1) and C(1) fields; the leading or-
der rigid body translation results
U1 =
hydrodynamic contribution︷ ︸︸ ︷
v(1)(0) +
R2
6
∇2v(1)(0)
− 2µ
3
∇C(1)(0)− µ
4piR2
{
∇sC(2)(r) dS︸ ︷︷ ︸
wall-induced-diffusiophoresis
(B1)
Similarly, for arbitrary pure rotation Ω′ of a sphere of
radius R with v′ = Ω′ × r; the reciprocal theorem reads
Ω′ ·v r×(Π(2) · nˆ) dS = −3ηΩ′ ·v nˆ×v(2)(r) dS with
Π′ · nˆ = −3ηΩ′ × nˆ and also since the swimmer must
remain torque free, it rotates with
Ω1 =
1
2
∇× v(1)(0)− 3µ
8piR3
{
nˆ×∇sC(2)(r) dS (B2)
where the mobility µ is assumed to be uniform.
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